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PROBLEM SHEET 1

Exercise 1. Let p be a prime number. Define a function d : Z× Z→ R by

d(m,n) =

{
0 if m = n
1
r

if m 6= n, where m− n = pr−1q with q ∈ Z not divisible by p.

Show that d is a metric on Z.

Exercise 2. Let C([a, b]) denote the set of continuous functions from [a, b] to R, and let
C1([a, b]) denote the set of differentiable functions f : [a, b] → R such that f ′ is continuous.
Let:

d∞(f, g) = sup
x∈[a,b]

|f(x)− g(x)|

This defines a metric on both C([a, b]) and C1([a, b]).

(1) Consider the map:

Int :
(
C([a, b]), d∞

)
→
(
C1([a, b]), d∞

)
f 7→

∫ x

a

f(t) dt

Is Int continuous?

(2) Consider the map:

Diff :
(
C1([a, b]), d∞

)
→
(
C([a, b]), d∞

)
f 7→ f ′

Is Diff continuous?
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Exercise 3. Let (X, d) be a metric space and A be a subset of X. Show that x ∈ ∂A if and
only if, for all ε > 0, we have that Bε(x) ∩ A and Bε(x) ∩ (X \ A) are both non-empty.

Exercise 4. Let (X, d) be a metric space and A be a subset of X. For x ∈ X, define

d(x,A) = inf{d(x, a) : a ∈ A}
Show that:

(1) d(x,A) = 0 if and only if x ∈ A.
(2) for all y ∈ X, d(x,A) ≤ d(x, y) + d(y, A).
(3) the map x 7→ d(x,A) defines a continuous function from X to R.


