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PROBLEM SHEET 4

Exercise 1.

(1) Let X be a non-empty set equipped with the discrete topology. Show that X is compact
if and only if X is finite.

(2) Let X be a topological space, and let Y and Z be compact subsets of X. Show that
Y ∪ Z is compact.

Exercise 2. Let X be a compact topological space and let f : X → Y be a continuous map
of topological spaces. Show that f(X) is compact.
(This would make an excellent exam question. If you can do it, then you are probably getting
the hang of compactness.)
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Exercise 3. Let X be a compact topological space. Suppose that, for each n ∈ N, Vn is a
closed non-empty subset of X and that:

V0 ⊇ V1 ⊇ V2 ⊇ · · ·
Show that: ⋂

n≥0

Vn 6= ∅

Is this statement true without the compactness hypothesis?

Exercise 4. Suppose that X is a topological space and that A, B are connected subsets of X
such that A ∩B 6= ∅. Show that A ∪B is connected.


